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An analysis of delamination for a thin elastic layer under compression, attached to a
substrate at a corner is carried out. The analysis is performed by combining results from
interface fracture mechanics and the theory of thin shells. In contrast with earlier results
for delamination on a ﬂat substrate, the present problem is not a bifurcation problem.
Crack closure at sufﬁciently high stress levels are shown to occur. Results show a very
strong dependency on fracture mechanical parameters of the angle of the corner including
the range of parameters where crack closure occurs. Analytical results for the fracture
mechanical properties have been obtained, and these are applied in a study of the effect
of contacting crack faces. Special attention has been given to analyse conditions under
which steady state propagation of buckling driven delamination takes place.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The inﬂuence of system curvature on buckling-driven delamination has been studied in Hutchinson (2001), Faulhaber
et al. (2006) and Sørensen and Jensen (2008). The motivations for these studies have typically been applications like high
temperature turbine blades with thermal barrier coatings (Mumm and Evans, 2000) or hip joint implants with biocompatible
surface coatings (Moon et al., 2002a) just to mention a few.
In a number of technically important applications, local curvatures are so high that they are better modelled as sharp cor-
ners. One example is shown in Fig. 1, which is taken from Sørensen et al. (2004). Fig. 1(a) is a schematic view of a cross sec-
tion of a wind turbine blade, Fig. 1(b) shows a picture of a blade at extreme load testing close to ﬁnal failure, and Fig. 1(c)
shows post failure cross sections of the load carrying main spar. Buckling-driven delaminations in the layered glass ﬁbre
main spar are seen at the corners both on the inside and outside. Another example of delamination close to a sharp corner,
but on a much smaller scale is at the edges of interconnecting plates in solid oxide fuel cells with layers of chromium oxide
forming under compression in service (Persson, 2007). The present work focuses on studying buckling-driven delamination
at corners including the effects on the energy release rate and mode mixity, and the conditions for steady state propagation
of such cracks.
Buckling-driven delamination of thin layers on ﬂat substrates has been studied in a number of previous works. The mech-
anism was described initially in Chai et al. (1981) with applications to composite plates in mind. In Hutchinson and Suo
(1992) the steady-state propagation of buckling-driven delamination was described. The phenomenon is a coupled problem
of buckling of a thin, compressed layer on a substrate, and interface delamination between the layers. The buckling-driven
delamination is a commonly observed failure mode in layered materials and the steady-state mode of propagation is nor-
mally the most critical resulting in the highest energy release rate. This mode of delamination is particularly critical since
it, once initiated, propagates unhindered throughout the interface.. All rights reserved.
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Fig. 1. (a) Cross section of wind turbine blade, (b) test to failure and (c) cross section of load carrying main spar after failure showing delaminations close to
the corners.
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to a substrate where the thin layer is subject to a uniform, biaxial compressive stress r0, see Fig. 2(a). The system contains a
sharp corner deﬁned by the angle u. The case of u = 0 corresponds to a ﬂat substrate. Suppose a small region exists, in which
the bonding between the layer and the substrate is poor or non-existent. If the compressive stress r0 exceeds a critical value
rc, the layer will buckle away from the substrate and this buckling will have the effect, that the crack at the interface will be
loaded by normal stresses and moments, as shown in Fig. 2(b). In case the energy release rate exceeds the mode adjusted
fracture toughness of the interface, the bonding between the delaminated layer and the other layers (the substrate) will
break and the size of the delaminated region may grow. For / 6¼ 0 the delamination may initially be triggered by the stress
singularity at the corner and crack tip loadings are present at all levels of compressive stresses.
Different types of buckling delaminations have been observed, among these the circular buckle, the ‘telephone cord’
buckle and the straight-sided buckle. In the present paper attention will be given to steady state propagation of the latter,
which is characterized by the fact that it grows at one of the ends while the sides remain stationary, see Fig. 2(a).Fig. 2. Sketch of problem analysed. A thin layer, which covers a substrate subject to uniform straining in y-direction with a sharp corner, fails by buckling
driven-delamination. The sides and the front of the delaminated region are indicated.
K.D. Sørensen et al. / International Journal of Solids and Structures 45 (2008) 5867–5878 5869Many problems concerning propagation of cracks or other types of instabilities can be treated using the concept of stea-
dy-state growth (see Kyriakides, 1994), which entails a signiﬁcant simpliﬁcation of the problem. Steady-state crack growth
implies that the front of the crack assumes a certain shape that will remain unchanged during propagation, which means
that the energy release rate will not depend on the length of the crack or the geometry of the crack front. In the following,
steady-state conditions will be assumed. Designing for safety against steady-state crack growth ensures that wide spread
cracking will not occur, assuming some limited damage may be accepted. If this is not the case, designing for safety against
crack initiation will lead to a certain probability of failure.
For the propagation of a straight-sided delamination buckle on a plane substrate it is found, that even though the crack
grows at its end, the energy release rate at the front is considerable lower than at the side. This is due to the fact that the
fracture toughness of the interface depends strongly on the so-called mode mixity w which again depends on the loads on
the interface crack. Interface toughness laws, which describe this dependency, are formulated in Jensen et al. (1990). This
effect is even more pronounced for the present geometry as it turns out that the presence of the corner induces a relatively
larger mode 2 contribution to the energy release rate compared to the planar case. For that reason an analysis has been in-
cluded, which explicitly treats the effects of contacting crack faces, and the inﬂuence of contact on buckling-driven delam-
ination has been addressed.
2. Corner stresses for perfect bonding
To further motivate the present analysis and emphasise some of the limitations, we at ﬁrst present results for the case of
perfect bonding between a thin layer and a substrate at a corner. Material data are chosen to be representative of oxide layers
on chromium–steel substrates at elevated temperatures. The geometry is sketched in Fig. 3 with dimensions typical of the
interconnect plates in solid oxide fuel cells studied in Persson (2007). An oxide layer of thickness 10 lm has typically devel-
oped after 1000 h service at 900 C. For the steel substrate the Young’s modulus at 900 C is E = 87 GPa, the Poisson’s ratio is
m = 0.3, the yield stress is ry = 40 MPa and the material does not work harden. For the oxide layer, Eo = 298 GPa, mo = 0.29, and
the material is linear elastic. Compressive stresses build up in the oxide layer as it grows due to lattice mismatch. The strain,
e0, is a measure of initial stresses; it is the strain in the layer relative to the unstressed state just when it is attached to the
substrate, i.e. the stress in the layer if the substrate was inﬁnitely rigid would be r0 = Eoe0/(1  mo). Finite element calcula-
tions based on the commercial code ABAQUS are carried out leading to the results in Fig. 4 for the shear stress, r12, measured
in MPa. The sharp corner induces a stress singularity, which could lead to crack initiation at the interface close to the corner.
The stress concentrations are seen to spread over distances several times the layer thickness. In Persson (2007) cases are seen
where interface cracking between the oxide layer and the metal substrate occurs close to the corners. At the highest level of
initial stresses, asymmetries in the stress proﬁle develop due to the ﬁnite thickness of the plate. The analysis in the following
sections assumes a symmetric stress proﬁle at the corner. Plastic deformation under small scale yielding conditions is al-
lowed for, and effects of plasticity in the substrate is speciﬁcally modelled by introducing a mixed mode interface fracture
criterion, which reﬂects that the extent of the plastic zone and thus the amount of energy dissipated during crack growth
depends strongly on the ratio between the crack tip loadings.
In Fig. 5 the equivalent plastic strain is shown for the same material parameters and initial stresses as in Fig. 4. The results
demonstrate a long range effect of plasticity at the corner. This is due to general yielding of the substrate as the initial stress
is increased, which reduces the effective stiffness of the substrate so that buckling of the compressed thin layer may take
place (Biot, 1965). The effect of layer buckling will be an undulation of the interface, which was studied in Hutchinson
et al. (2000). It was shown that the effect has signiﬁcant inﬂuence on the energy release rate for an interface crack. The ef-
fects of layer buckling prior to delamination are not studied in the present work.
We emphasise that while the results presented in Figs. 4 and 5 use speciﬁc material parameters and geometrical quan-
tities for interconnect plates, the fracture mechanical analysis below is carried out in more general terms allowing for arbi-
trary elastic mismatch and other corner geometries.
3. Fracture mechanics
It is assumed that the size of the delamination is large relative to the thickness of the layer. It is furthermore assumed that
the transition between the delaminated region of the layer and the bonded region has a length comparable to, or smallerSteel
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Fig. 3. Sketch of geometry of connector plate in fuel cell with a thin oxide layer under compression.
Fig. 4. Shear stress, r12, in bonded bimaterial system for different values of initial stress.
Fig. 5. Effective plastic strain, eeq, for different values of initial stress. At highest stress levels indications of initial buckling of the compressed bonded layer
are seen.
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be treated as an interface crack and the stresses in the delaminated region can be obtained from shell theory.
Following Suo and Hutchinson (1990) by application of the J-integral, the energy release rate, G, for the problem in
Fig. 2(b) can be obtained as a function of the change in membrane stress, DN, relative to the initial stress in the bonded layer
and the bending moment, M, in the layer asG
G0
¼ DN
r0t
 2
þ 12 M
r0t2
 2
ð1Þwhere r0 is the initial stress in the layer and t is the layer thickness. The quantity G0 corresponds to all the elastic energy
stored in the layer being released under plane strain conditions, and is given by
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2Þt
2E
r20 ð2ÞHere, E is the elastic modulus of the layer, and m is the Poisson’s ratio. By the deﬁnition, in the limit where the layer becomes
completely detached from the substrate assuming plane strain in the layer, the energy release rate asymptotically ap-
proaches G0. It should be emphasised that all the elastic energy stored in the layer is 2G0/(1 + m), i.e. at least 33% higher. This
is important when discussing possible fracture modes, which release more energy than G0 at high stress levels, see Jensen
and Sheinman (2002) and Moon et al. (2002b).
Along the propagating crack front in Fig. 2(a), there will also be a shear stress component giving a mode 3 contribution to
the energy release rate in addition to the mode 1 and 2 contributions due to DN and M. As explained below, however, when
the crack front propagates under steady state conditions, the energy release rate along the front can be calculated by states
far in front and far behind the propagating front where the shear stresses are zero. The mode mixity w giving the ratio be-
tween mode 1 and 2 stress intensity factors is related to the bending moment and the change in resultant stress by Suo and
Hutchinson (1990)tanw  r12
r22

r¼t
¼ DNt sinxþ
ﬃﬃﬃﬃﬃﬃ
12
p
M cosx
DNt cosx
ﬃﬃﬃﬃﬃﬃ
12
p
M sinx
ð3Þwhere x is a function of the elastic mismatch between layer and substrate. It has been tabulated by numerical methods in
Suo and Hutchinson (1990). Typical values of x lie in the range 45 <x < 75 depending on the elastic mismatch, where the
highest values correspond to stiff layers on compliant substrates, and x = 52.1 in the case of no elastic mismatch. In (3), r12
and r22 are shear and normal stresses in the plane of the crack a small distance r ahead of the tip. Since this ratio varies due
to the oscillating crack tip singularity, the distance is speciﬁed to be equal the layer thickness.
4. Stresses in delaminated layer
The effective membrane stress and bending moment required to calculate the fracture mechanical quantities listed in the
previous section, are calculated from the theory of thin shells assuming the delaminated region to be clamped to the sub-
strate along the crack front. For the present problem sketched in Fig. 2(b), the two halves on each side of the centre line
of symmetry are planar problems, so plate theory is sufﬁcient for calculating the stresses when imposing symmetry condi-
tions at the centre line. Von Karman non-linear plate theory (see Niordson, 1985) is applied allowing for large normal deﬂec-
tions relative to the plate thickness. This geometrical non-linearity is essential since, for a ﬂat substrate characterised by
u = 0, the energy release rate is non-zero only a stress levels higher than the buckling stress.
The two in-plane and the out-of-plane equilibrium equations are given byNab;b ¼ 0
Mab;ab  Nabw;ab ¼ 0

a;b 2 ½0;1 ð4Þwhere repeated index are summed over the values 1 and 2, and a comma denotes partial differentiation. The directions 1 and
2 are deﬁned in Fig. 2(b) with x1 = x and x2 = y. In (5), Nab and Mab are the tensors of membrane stresses and moments,
respectively, and w is the out of plane deformation of the plate mid surface.
The strain–displacement relations in case of non-linear von Karman plate theory areeab ¼ 12 ua;b þ ub;a þw;aw;b
 
jab ¼ w;ab
ð5Þwhere ua are the in plane displacements, eab is the strain tensor and jab is the curvature tensor. The stress–strain relations
assuming linear isotropic elasticity areNab ¼ Et1 m2 ð1 mÞeab þ meccdab
  r0tdab
Mab ¼ D ð1 mÞjab þ mjccdab
  ð6Þwhere dab is the Kronecker delta, and the bending stiffness D of the plate isD ¼ Et
3
12ð1 m2Þ ð7ÞThe energy release rate at the crack front Gss is found by calculating the difference in energy density,W, in the non-deﬂected
layer far in front of the crack front, W2, and in the deﬂected layer far behind the crack front, W1Gss ¼ 1b
Z b
0
ðW2 W1Þdy ð8ÞThe energy density, W, is a function of the stresses in the layer, and is obtained by Niordson (1985)
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2Et
ðð1þ mÞNabNab  mNaaNbbÞ þ Et
3
24ð1 m2Þ ðð1 mÞjabjab þ mjaajbbÞ ð9Þ5. Results and discussion
For the present geometry, considerable simpliﬁcations follow the observation that far in front and far behind the prop-
agating crack front, displacements and stresses are independent of x=x1. So ( ),1 = o( )/ox1 = 0 and after introducing
( ),2 = d( )/dx2 = d ( )/dy = ( )0, two of the equilibrium equations in (4) are non-trivial and becomeN22 ¼ const:
M0022  N22w00 ¼ 0
ð10ÞCombining (10) with (5) and (6) yieldsN22 ¼ const: ¼ Et1 m2 u
0
2 þ
1
2
ðw0Þ2
 
 r0t
w
0000  N22
D
w 00 ¼ 0
ð11ÞThe boundary conditions corresponding to these non-linear, ordinary differential equations are speciﬁed at y = 0, which is at
the crack front where the layer is clamped to the substrate and at y = b which is at the centre line of symmetry:wð0Þ ¼ w 0ð0Þ ¼ w 0ðbÞ ¼ 0; w 000ðbÞ ¼ N22
D
tan/
u2ð0Þ ¼ 0;u2ðbÞ ¼ wðbÞ tan/
ð12ÞThe symmetry conditions at y = b state that there is no rotation, that the projection of normal and shear forces parallel to the
plane of symmetry is zero, and that the projection of normal and in plane displacements perpendicular to the plane of sym-
metry is zero. By (12), it is seen that for u = 0, the problem is homogeneous and a non-trivial solution exists beyond a bifur-
cation stress, only.
The solution to the second equation in (11) with corresponding boundary conditions iswðyÞ
t
¼ g 1 cosðp
ﬃﬃﬃ
n
p Þ
p
ﬃﬃﬃ
n
p
sinðp ﬃﬃﬃnp Þ 1 cos p
ﬃﬃﬃ
n
p
y
b
  
þ 1
p
ﬃﬃﬃ
n
p sin p
ﬃﬃﬃ
n
p
y
b
 
 y
b
 
ð13Þwhere the following non-dimensional combinations have been introducedg ¼ b
t
tan/
n
s
¼ N22
r0t
s ¼ r0
rc
¼ b
b0
 2 ð14ÞHere, b0 denotes the half-width of the ﬂat layer when buckling initially occurs for a ﬁxed residual stress, r0. The buckling
stress for a clamped ﬂat plate of width 2b is given byrc ¼ p
2Et2
12ð1 m2Þb2
ð15ÞThe bending moment and membrane stress at the crack front giving the fracture mechanical properties are obtained by the
constitutive relationsM ¼ M22ð0Þ ¼ Dw 00ð0Þ; DN ¼ r0t þ N22 ð16Þ
where the residual stress is deﬁned positive in compression. In order to calculate n in (14), the ﬁrst equation in (11) is inte-
grated from 0 to b givingN22b ¼ Et1 m2
Z b
0
1
2
ðw0Þ2
 
dyþ Et
1 m2 wðbÞ tan/ r0tb ð17Þwhere the boundary conditions (12) have been utilised. Next, an implicit equation for determining n is formulated by insert-
ing the solution (13) into (17). After performing the integration and using (14) the following condition determines n:n
s
¼ 1 6
p2s
g2
sinðp ﬃﬃﬃnp Þ  p ﬃﬃﬃnp cosðp ﬃﬃﬃnp Þ
p
ﬃﬃﬃ
n
p ð1þ cosðp ﬃﬃﬃnp ÞÞ ð18Þ
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r0t2
¼ g
p2s
p
ﬃﬃﬃ
n
p ð1 cosðp ﬃﬃﬃnp ÞÞ
sinðp ﬃﬃﬃnp Þ ð19ÞandDN
r0t
¼ 1 n
s
ð20ÞThe energy release rate Gl along the sides of the delamination far behind the propagating front is obtained by inserting (19)
and (20) in (1) and the corresponding mode mixity, wl, is obtained by (3). The energy release rate along the crack front Gss is
obtained by specialising the general expression for W in (9) to the present geometry whereW ¼ 1
Et
ðN211 þ N222  2mN11N22Þ þ
D
2
ðw 00Þ2 ð21ÞSince the membrane stresses are constantGss ¼ 1b
Z b
0
ðW2 W1Þdy ¼ 1 m
2
2Et
r2ot
2 þ N222
	 

 D
2b
Z b
0
ðw 00Þ2dy ð22ÞInserting the solution (13) in (22) results inGss
G0
¼ 1 n
s
	 
2
 12g
2
p4s2
p
ﬃﬃﬃ
n
p
1þ cosðp ﬃﬃﬃnp Þ ðp
ﬃﬃﬃ
n
p  sinðp ﬃﬃﬃnp ÞÞ ð23Þ
In Hutchinson and Suo (1992) the mode mixity, wss, along the propagating front was estimated using the results for a full
circular crack. The accuracy of this approach was in Jensen and Sheinman (2001) shown to be good.
It should be noted that the method for determining Gss is exact provided the energy released along the crack front is inde-
pendent of the mixed mode 1, 2 and 3 loading history. Results discussing this assumption have not, to our knowledge, been
published. However, the results in Jensen and Sheinman (2001) indicated that the mode 3 contribution to the energy release
rate remained smaller than 1/5 times the mode 1 and 2 contributions, and that the mode 3 component was only signiﬁcant
on a small portion of the propagating crack front close to the transition between the propagating part and the sides left be-
hind. A recent paper by Tvergaard and Hutchinson (2008) investigates the effect of mode 3 on interface toughness. They con-
sider cases, which are mainly mode 1 dominated, while the present problem is mainly mode 2 dominated. Their results show
cases where the toughness is sensitive to mode 3 components. However, in the present case where only a small portion of
the crack front has a signiﬁcant mode 3 component, path dependent effects not taken into account in the present approach
are believed to play a secondary role. A veriﬁcation of the assumption is beyond the scope of this investigation.
The results for Gl, wl and Gss are shown in Figs. 6–8, respectively, for different values of b/b0. When the angle u is zero, the
problem corresponds to delamination on a ﬂat substrate, where the stress in the layer has to exceed the critical value, rc,
before any deﬂection of the layer can occur. When u assumes a non-zero value, the problem is no longer a bifurcation prob-
lem and solutions exist for stresses below the critical stress for buckling of a plate, rc.
It is important to emphasise that the two sets of curves for Gl and Gss in Figs. 6 and 8 correspond to different mode mix-
ities. In Fig. 7 the mode mixity along the propagating front using results for a full circular delamination from Hutchinson and
Suo (1992) is also included. It is noted that the mode mixity along the front is considerably lower than along the crack sides,
that the crack tip along the propagating front never closes, and that crack closure occurs corresponding to wl = 90 along0
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5874 K.D. Sørensen et al. / International Journal of Solids and Structures 45 (2008) 5867–5878the sides. By Fig. 7, it is clear that the angle u has a pronounced inﬂuence on the mode mixity especially on the conditions for
crack closure. The results in Figs. 6–8 are valid for other combinations of the angle u and the crack length b/t provided the
value of g in (14) is the same.
A mixed mode fracture criterion prior to crack closure has been invoked by introducing the criterion in Jensen et al.
(1990)G ¼ G1cð1þ ðk2  1Þ sin2 wÞ1 ð24Þ
where the factor k2 adjusts the relative contribution of mode 2 to the fracture criterion. Experimental support for the fracture
criterion may be found in Cao and Evans (1989), Jensen et al. (1990) and Liechti and Chai (1992). A discussion of the relation
between the fracture criterion (24) and detailed micromechanical models of contact and friction along the crack faces may be
found in Evans and Hutchinson (1989) and Jensen (1990). Speciﬁcally, the parameter k2 could be associated with microscopic
parameters for the interface such as the height and angle of surface asperities, coefﬁcient of friction, etc. In Tvergaard and
Hutchinson (1993) it was shown that also plastic deformation in the layers can explain the mode dependent interface frac-
ture toughness.
The effect of imposing a mixed mode interface fracture criterion prior to crack closure will be demonstrated after intro-
duction of an exact asymptotic expression for the fracture mechanical parameters. In the limit r0/rc? 0 the expressions for
the energy release rates along the sides, Gl, and along the propagating front, Gss, and the mode mixity at the sides, wl, can be
obtained in closed form asGl
G0
¼ g
2ð3þ g2Þ
ð1þ g2Þ2
;
Gss
G0
¼ g
2
1þ g2 ; tanwl ¼
g tanxþ
ﬃﬃﬃ
3
p
g
ﬃﬃﬃ
3
p
tanx
ð25Þ
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Fig. 9. Mode adjusted energy release rate along the sides and the front imposing a mixedmode fracture criterion prior to crack closure. The preferred failure
mode is the one with highest energy release rate.
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say 5, for the shell solutions to be reasonably accurate, which for speciﬁc values of u restricts how small g can be.
By (25) it is seen that the mode mixity exceeds 90 indicating that the crack faces are in contact over distances compa-
rable to the layer thickness if the crack length exceeds a critical valueb
t
P
ﬃﬃﬃ
3
p
tanx
tan/
ð26ÞWhether this critical value is in the range where the shell solution is valid depends both on the elastic mismatch and the
angle u.
Two sets of curves for Gl and Gss based on (25) and imposing (24) are shown in Fig. 9; one set is for k2 = 1 corresponding to
a usual mode independent Grifﬁth fracture criterion, the other set of curves is for k2 = 0.2, which in Jensen et al. (1990) gave
best agreement with experimental results. The curve has been plotted for u = 3 but as before is valid for other combinations
of u and b/t provided the value of g is the same. The curves are terminated at the point where crack closure occurs. The top
solid curve and the top dashed curve are Gl and Gss for k2 = 1 where it is seen that most energy is always released along the
sides in contrast to observations. Like in Hutchinson and Suo (1992) the fact that propagating buckling-driven delamination
is commonly observed can be explained by imposing a mixed mode fracture criterion. The bottom solid and dashed curves
correspond to k2 = 0.2 where it is seen the mode adjusted energy release rate is highest along the sides at small delamination
lengths and along the front at larger delamination indicating a transition of failure modes. By the results in Fig. 7 for the
energy release rate it is seen that as the angle u is increased, the range in which the crack is open and where (24) can be
applied narrows considerably. It is for this reason investigated in the following section whether frictional sliding after crack
closure occurs alone can explain a change in the failure mode.
For negative values of u, solutions for the membrane force and the bending moment in cases not resulting in overlap be-
tween the layer and the substrate could be found for large initial imperfections of the shape of the delaminated region, only,
and the issue will not be pursued further here. The effect of negative curvature, i.e. delamination of a layer on the inside of a
shell was investigated in Hutchinson (2001) for a cylindrical shell and in Sørensen and Jensen (2008) for a spherical shell. In
both cases the energy release rate is lower than for delaminations on the outside of the shell, and the delaminations exist and
propagate only for a limited range of parameters. Qualitatively, this is appears to be in agreement with the observations in
Fig. 1(c) that the delamination at the inside of the main spar tends to arrest as it approaches the inside corner (the crack
opening displacements decrease). And the delamination on the outside of the main spar has increasing crack opening dis-
placements towards the corner.
It should be mentioned that the non-linear von Karman plate equations listed in Section 4, which are the basis for the
results presented in this section normally are applied to cases where the in plane displacements of the plate are of much
lower magnitude than the out of plane displacement. For the present problem, unless the angle u is close to 0, the symmetry
conditions in (12) at y = b, induce in-plane displacements of the same order of magnitude as the out-of-plane displacement.
In order to verify the accuracy of the results presented in this section, an incremental numerical scheme not based on the
assumption that in plane displacements are smaller than out of plane displacements has been set up. The details of this
scheme are given in the appendix, and for none of the results presented there were signiﬁcant disagreements between these
results. The numerical scheme given in the appendix has also been applied in an analysis investigating if the centre line of
symmetry has a tendency to rotate. In that case symmetry conditions were not imposed at the centre line, but rather a small
imperfection in the geometry was introduced leading to an initial rotation of the centre line. During the incremental loading
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symmetric shape. For the range of parameters investigated there were no indications of such bifurcations.
6. Contacting crack faces
The curves in Figs. 6–8 are terminated when the mode mixity w reaches the value 90 indicating contact between the
crack faces over distances comparable to the layer thickness. The model used to describe the problem presupposes no con-
tact between the layer and the substrate at the interface crack, which is what is reﬂected in a restriction for admissible values
of w. It is seen from the results, that the range of stress values in which solutions exist becomes strongly limited already at
small values of the angle u. The trends in the results for the energy release rates in cases where the mode mixity exceeds the
range where large scale contact takes place should, however, be obvious by Figs. 6–8.
In cases where there is no friction between the cracks the expressions for Gl and Gss are unaffected by large scale contact
as long as it is realised that the crack sides are under pure mode 2 loading conditions. For cases with frictional sliding
between the crack faces, the energy release rate is reduced as analysed in Thouless et al. (1992) for constant friction and
Stringfellow and Freund (1993) for Coulomb friction.
Thouless et al. (1992) present their results for buckling-driven delamination and edge delaminations in the planar case in
a formwhich here can be applied to the geometry in Fig. 2. Thouless et al. (1992) introduce the mode 2 stress intensity factor,
K2, as a linear function of the membrane force, DN, and the constant friction stress, s, and relate M and DN through linear
conditionsK2=t1=2 ¼ C1sþ C2DN=t
M=t2 ¼ C3sþ C4DN=t
ð27Þwhere the C’s are functions of the length of the contact zone between the crack faces, which are tabulated in Thouless et al.
(1992) using continuous distribution of dislocations. In the present case,M and DN are determined by (18)–(20). For a given
friction stress, the length of the contact zone can be speciﬁed in the second condition in (27), which combined with the exact
asymptotic expression (25) in the limit of small stresses leads to a second order equation in gg2 C4 þ sr0 C3
 
 g
2
þ s
r0
C3 ¼ 0 ð28ÞBy the solution, the mode 2 stress intensity factor can be obtained by the ﬁrst of the conditions in (27).
The effects of contacting crack faces on the energy release rates along the side and the front are demonstrated in Fig. 10,
which is obtained by combination of the tabulated values of the C’s in (27) and the asymptotic expression in (25). A mixed
mode fracture criterion is not imposed prior to crack closure, and it seen that frictional sliding due to contacting crack faces
alone can explain a transition of the failure mode from propagation along the sides to propagation along the front. A such
transition is expected when the curves for Gl and Gss intersect. The plot in Fig. 10 is carried out in the case of no elastic mis-
match a = b = 0. Other values of elastic mismatch parameters would change the values of the C parameters in (27) and the
value of the angle x in (25), which in turn affects the mode adjusted energy release rate in (24) through w.
7. Conclusion
An analysis of buckling-driven delamination at a sharp corner has been carried out. When the corner angle u is zero, the
problem corresponds to delamination on a ﬂat substrate, where the stress in the layer has to exceed a certain critical value0
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Fig. 10. Energy release rate along the sides and the front taking contact and friction into account after crack closure takes place.
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the problem is no longer a bifurcation problem and solutions exist for stresses below the critical load for a plate rc. Semi-
analytical results for the energy release rate and the mode mixity along the crack front have been obtained by coupling the
theory of thin shells to elastic interface fracture mechanics. The results require numerical solution of an implicit equation.
Solutions are veriﬁed by comparing to pure numerical results using an incremental loading scheme. It has also been checked
that bifurcation into non-symmetric deformations at the corner are not expected.
The energy release rate along the propagating crack front is obtained by an assumed path independent integral leading
the crack from an initial state far in front of the propagating front to its ﬁnal state far behind. The path independence relies
on an assumption that the released energy during crack propagation is independent of the mixed mode 1, 2 and 3 loading
history bringing the crack from its initial to its ﬁnal state. Steady state crack propagation along the front compared to crack
propagation at the sides takes place for the case where the energy release rate is highest. In the limit of inﬁnitely small stres-
ses, analytical results for the energy release rate and mode mixity along the sides as well as the steady state energy release
rate along the front have been obtained.
It has been shown that mode dependent interface fracture toughness can explain the existence of steady state delamina-
tion. It has been shown that crack closure takes place at sufﬁcient high stress levels like the case for the ﬂat substrate. It has
also been shown, that the range of stress values in which the crack is open is strongly limited compared to when u = 0 even
for small angles u.
The analytical results for the fracture mechanical parameters in the limit of small stresses have been combined with pre-
viously obtained results for the effects of friction between the crack faces when crack closure occurs. By these results it is
shown that effects of frictional sliding of the contacting crack faces in these cases can explain a transition in failure mode
from crack propagation along the sides to crack propagation along the front. This means that such failure modes may exist
also in systems where the fracture criterion prior to crack closure is mode independent.
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Appendix
An incremental numerical approach to verify the semi-analytical results in Section 5 has been carried out as outlined be-
low following Byskov et al. (2002). A planar beam element with conventions for displacements u and v, arc length s, angle of
beam tangent with x-axis h, shear stress T, normal stress N, and momentM deﬁned in Fig. A1 is introduced. With ð_Þ denoting
the increment of a quantity the kinematical relations allowing for arbitrary rotations and strains aredu
ds
¼ e cos h _h sin h; dv
ds
¼ e sin hþ _h cos h ðA1Þwhere e is the strain rate, which along with the bending rate j is given bye ¼ d_s
ds
; j ¼ d
_h
ds
ðA2ÞThe two incremental force equilibrium equations and the moment equilibrium equation are given asd _T
ds
¼  _N dh
ds
 Nj; d
_N
ds
¼ _T dh
ds
þ Tj; d
_M
ds
¼  _T  Te ðA3ÞThe constitutive relations assuming linear elasticity are_N ¼ Ete _r0t; _M ¼ 112 Et
3j ðA4Þx
y
u(s)
v(s)
s θ(s)
T(s)N(s)
M(s)
Fig. A1. Sketch of sign conventions for displacements and generalised forces for beam element.
5878 K.D. Sørensen et al. / International Journal of Solids and Structures 45 (2008) 5867–5878By introducing the curvature kk ¼ dh
ds
ðA5Þand non-dimensional quantities according to~u ¼ u
t
; ~v ¼ v
t
; ~k ¼ bk; ~j ¼ bj; eT ¼ T
Et
; eN ¼ N
Et
;g1 ¼
b
t
;~s ¼ s
b
ðA6Þthe following six coupled, linear ordinary ﬁrst-order differential equations are obtainedd~u
d~s
¼ g1ðe cos h _h sin hÞ;
d~v
d~s
¼ g1ðe sin hþ _h cos hÞ;
d _h
d~s
¼ ~j
d~j
d~s
¼ 12g21ð _eT þ eT eÞ; ded~s ¼ _T~kþ eT ~j; d
_eT
d~s
¼  e p
2
12g21
_r0
rc
  
~k eN ~j
ðA7ÞThe boundary conditions are clamped at s = 0 and either symmetry conditions at the centre s = b or when symmetry is not
assumed, clamped conditions at s = 2b, i.e.~uð0Þ ¼ ~vð0Þ ¼ _hð0Þ ¼ 0 and
~uð1Þ ¼ _eT ð1Þ  p2
12g21
_r0
rc
 eð1Þ
 
tan/ ¼ _hð1Þ ¼ 0 or ~uð2Þ ¼ ~vð2Þ ¼ _hð2Þ ¼ 0 ðA8ÞThe linear set of Eq. (A7) with boundary conditions (A8) are integrated numerically.
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